In this paper, we study the abelian complexity ρ ab n (t (k) ) of generalized Thue-Morse sequences t (k) . We obtain the exact value of ρ ab n (t (k) ) for every integer n ≥ k. Consequently, ρ ab n (t (k) ) is ultimately periodic with the period k. Moreover, we show that the abelian complexities of a class of infinite sequences are k-automatic.
Introduction
Recently the study of the abelian complexity of infinite words was initiated by G. Richomme, K. Saari, and L. Q. Zamboni [11] . For example, the abelian complexity functions of some notable sequences, such as the Thue-Morse sequence and all Sturmian sequences, were studied in [11] and [4] respectively. There are also many other works including the unbounded abelian complexity, see [3, 5, 7, 9, 10] and references therein.
Let σ k be the morphism 0 → 01 · · · (k−1), 1 → 12 · · · (k−1)(k−2), · · · , k−1 → (k−1)0 · · · (k− 2) on {0, 1, · · · , k − 1} and t (k) := σ ∞ k (0). The infinite sequence t (k) is a generalized Thue-Morse sequence with respect to k. Trivially, t (2) is the infamous Thue-Morse sequence. Further, t
is k-automatic and uniformly recurrent (see [6] ). Recall that a sequence w = w 0 w 1 w 2 · · · is a k-automatic sequence if its k-kernel {(w k e n+c ) n≥0 | e ≥ 0, 0 ≤ c < k e } finite. If the Z-module generated by its k-kernel is finitely generated, then w is a k-regular sequence.
Adamczewski [1] obtained the sufficent and neccessary condition of bounded abelian complexity. There is a natrual question to find some optimal condition for periodic or automatic the abelian complexity. The abelian complexity of t (3) has been studied by Kaboré and Kientéga [8] , in which they show that ρ ab n (t (3) ) is ultimately periodic with the period 3. In this paper, we are interested in the abelian complexity function ρ ab n (t (k) ) for every n ≥ k ≥ 2. The explicit value is obtained in the following theorem.
Theorem 1. For all integer n ≥ k ≥ 2, let n ≡ r mod k, we have
if k is even and r = 0,
k if k is even and r = 0 is even,
Consequently, we have the following corollary.
is ultimately periodic with the period k.
In fact, if we need not to compute the exact value of the abelian complexity, we cloud generalize Corollary 1 in more wide case. Let A 1 and A 2 be two alphabets. Given any uniformly recurrent k-automatic sequence w ∈ A 1 N , define a projection π : A 1 * → A 2 * satisfying that for every pair of letters a, b ∈ A 1 , π(a) ∼ ab π(b).
Now we have the following theorem. ∂F n (w) will be defined as the boundary word of length n for w in Section 2.
Theorem 2. Fore every infinite sequence w ∈ A 1 N satisfying that {∂F n (w)} n≥2 is k-automatic, let u = π(w) ∈ A 2 N defined as prescribed, then the abelian complexity {ρ
This paper is organized as follows. In Section 2, we give some preliminaries and notations. In Section 3, we prove Theorem 1. In Section 4, we prove Theorem 2.
Preliminaries
An alphabet A is a finite and non-empty set (of symbols) whose elements are called letters. A (finite) word over the alphabet A is a concatenation of letters in A. The concatenation of two
The set of all finite words over A including the empty word ε is denoted by A
* . An infinite word w is an infinite sequence of letters in A. The set of all infinite words over A is denoted by
The length of a finite word w ∈ A * , denoted by |w|, is the number of letters contained in w. We set |ε| = 0. For any word u ∈ A * and any letter a ∈ A, let |u| a denote the number of occurrences of a in u.
A word w is a factor of a finite (or an infinite) word v, written by w ≺ v if there exist a finite word x and a finite (or an infinite) word y such that v = xwy. When x = ε, w is called a prefix of v, denoted by w ⊳ v; when y = ε, w is called a suffix of v, denoted by w ⊲ v. For a finite word u = u 0 · · · u n−1 , denote by u[i, j] the factor of u from the position i to j,
For a real number x, let ⌊x⌋ (resp. ⌈x⌉) be the integer that is less (resp. larger) than or equal to x.
Abelian complexity
Given an alphabet A. Let w = w 0 w 1 w 2 · · · ∈ A N be an infinite word. Denote by F n (w) the set of all factors of w of length n, i.e.,
In fact, when w is a finite word, F n (w) is still well defined. Write F w := ∪ n≥1 F n (w). The subword complexity function ρ n (w) of w is defined by ρ n (w) := #F n (w).
Fixed the alphabet A = {a 0 , · · · , a q−1 } and a factor v of an infinite word w, the Parikh vector of v is the q-uplet ψ(w) := (|v| a0 , |v| a1 , · · · , |v| aq−1 ).
Denote by Ψ u (n), the set of the Parikh vectors of the factors of length n of u:
The abelian complexity function of w is defined by the distinct number of the set of Parikh vectors of all the factors: ρ ab n (w) := #Ψ n (w). In fact, we could give an another definition of the abelian complexity function induced by the abelian equivalence relation. For the infinite word w, given two factors u, v we say u is abelian equivalent to v (write u ∼ ab v) if ψ(u) = ψ(v). Now the abelian complexity function of w can be defined as follows: ρ ab n (w) := #{F n (w)/∼ ab }. In addition, before the proof of the main theorems, we give some notations which will be important through all the paper. Let w ∈ A N be an infinite word, given a factor u = u 0 · · · u n−1 , denote by ∂u the 2-length (boundary) word consist of the first and last letter of u,
For the completeness, let ∂u be itself u when |u| ≤ 1. Define the boundary letters of the length n of w by ∂F n (w) := {∂u : u ∈ F n (w)}.
Abelian complexity of t (k)
First we give some notations and lemmas. For every n ≥ k ≥ 2, set n = km + r for some m ≥ 1 and r = 0, · · · k − 1. Let
Otherwise if r ≥ 2, then we have
is the vector of length k with all the element being the same 1.
Proof. For every n ≥ k ≥ 2, set n = km + r for some m ≥ 1 and r = 0, · · · k − 1. Given any factor u of length n of t (k) , there exists a factorization (maybe not unique) such that
for some factors α, v, β satisfying that |v| = m − 1, |α| + |β| = k + r. Without loss of generality, we can assume α or β could be empty word only if r = 0. In fact, if r > 0 and α = ε, then |β| = k + r and let β = σ(a)β ′ for some letter a.
It is trivially that
(1) If r ≤ 1, the length of preimage of α and β are both 1 except that the case α or β is empty word. In other words, α ⊲ σ k (a), β ⊳ σ k (b) for some letters a, b ∈ {0, · · · , k − 1}. Consequently, αβ is a factor of length k + r of σ(ab) where ab ∈ ∂F m+1 (t (k) ). At the mean time, it is easy to know that all the possible αβ is exactly the factor set of length k + r of σ(ab) for the above ab even if r = 0. i.e.,
which is the desired result.
(2) If r ≥ 2, the length vector set of preimage of α and β is {(1, 1), (2, 1), (1, 2)}. When the length vector is (1, 1), we have the same argument with the above case r ≤ 1. It is suffice to consider the case that the length vector is (1, 2) since (2, 1) and (1, 2) is symmetric. Now assume that |β| > k and 1 ≤ |α| < r, and
for some letters a, b, c ∈ {0, · · · , k − 1}. Note that here the letter b cloud not affect the Parikh vector of αβ, the letters a, c is exactly the boundary letter of length m + 2 of t (k) . At the same time, we have that |α| + |β ′ | = r, the length of β ′ ranges from 1 to r − 1. In other words,
Moreover, all the possible αβ ′ is the set of factor of lenth r of σ k (ac)[k − r + 2, k + r − 1]. For the length vector (2, 1), we can apply the same statement like this. Overall, we have that
This complete the proof.
According to the Lemma 1, {∂F m (w)} m≥2 is the key point to prove Theorem 1.
Lemma 2. For the generalized Thue-Morse squence t (k) and every integer n ≥ 2, we have
Proof. We shall prove by induction by n. Obviously this lemma holds for n = 2, · · · , k. Suppose it holds for all i ≤ n, we will show it holds for n + 1.
• If n + 1 ≡ 0 mod k, withous loss of generality, set n + 1 = mk (m ≥ 1), then there exists factors of length m in the form of aub where ab is non-empty word with |ab| ≤ 2. By the assumption, ab could go through all the words in Σ k |ab| . However, we know that σ k (aub) begins with the letter a, and ends with the letter (b − 1) mod k. This implies that the lemma holds.
• If n + 1 ≡ r mod k (r ≥ 1), set n + 1 = mk + r (m ≥ 1), then there exists factors of length m + 1 in the form of aub where ab is non-empty word with |ab| ≤ 2, ab could go through all the words in Σ k |ab| . We know that for every letter (integer) i ∈ {0, 1. · · · , k − 1},
Now we consider the finite word v = σ k (aub)[1, n + 1], which begins with a and ends with (b + r − 1) mod k. It follows that this lemma holds for n + 1 in this case.
For simplicity, let |V | i be the occurrence time of i in some finite dimensional vector V.
Lemma 3. For every n ≥ k ≥ 2, if n = km for some m ≥ 1, then we have
Proof. By Lemma 1 and Lemma 2, when r = 0, it suffice to consider S n (t (k) ). In this case, we have
For every u ∈ S n (t (k) ), |u| i ≤ 2 for every i ∈ Σ k . The only Parikh vector without 2 is I k . It suffice to consider the number and the position of 2s in the elements of Parikh vector since the numbers of 2 and 0 are the same. In fact, for every u ∈ S n (t (k) ), write
where α ⊲ σ(a), β ⊲ σ(b) for some letters a, b.
which implies |ψ(u)| 2 = |ψ(u)| 0 . We put the k elements of Parikh vector into a circle, this is present in Figure 1 . It is not hard to know that the position of 2 and 0 are both a consecutive block in this circle. The length of 2s' block ranges from 1 to ⌊ k 2 ⌋. For every fixed length t of 2s' block there are k positions to place the consecutive 2s' block of length t. Next we only need to place the consecutive block of 0s of length t in the left (k − t) positions. Hence the number of Parikh vector with at least one element 2 is
Adding the Parikh vector I k , we complete the proof. 
k if k is even and r is even, Proof. By Lemma 1 and Lemma 2, there two subcases.
(1) when r = 1, we only need investigate S n (t (k) ). We have that
For every u ∈ S n (t (k) ), |u| i ≤ 2 for every i ∈ Σ k . Moreover, there is at least one element being 2 in ψ(u). After putting the k elements of Parikh vector into a circle, the position of 2 and 0 are both a consecutive block. If there is only one 2 as the element in ψ(u), i.e., |ψ(u)| 2 = 1, then the possible number of Parikh vector is k, since aσ k (0) ∈ S n (t (k) ) for every a ∈ Σ k . Now set |ψ(u)| 2 = t, we need to consider the t ranging from 2 to ⌊(k + 1)/2⌋. At the mean time, we have that |ψ(u)| 0 = t − 1. It is suffice to place the consecutive 0s' block in the left (k − t) positions. i.e., the number of Parikh vector having ≥ 2 consecutive 2s' block is
Adding the k Parikh vector with exactly one '2 ′ as the element, the lemma holds. (2) when r > 1, S n (t (k) ) and G n (t (k) ) are both important to the result.
Following from Lemma 1, for every word u in G n (t (k) ), when computing the last abelian complexity, I k should be added to ψ(u). For simplicity, we consider the following
Note that the letter c can be arbitrary in
(i) First we focus on the case that the maximal element of Parikh vector is 2. For every word
, then the length of consecutive 2s' block is strictly less than r + 1. Obviously the number of Parikh vector with exactly r length of consecutive 2s' block as the element is k. For the word u = ασ k (c)β, we have
First we put α into the circle, the number of choice is k, We can assume β 1 and β r−t−1 both are not belongs to {α t + 1, α t − 1, α 1 + 1, α 1 − 1} mod k. i.e., the gap between α ana β is positive. Otherwise, |ψ(u)| 2 = r, which has been considered. There are (k − t − 2) positions for β. Hence all the possible number of Parikh vector is
We could apply the same argument of case (1) to obtain the number of Parikh vector having ≥ r + 1 consecutive 2s' block:
Overall, the total number of Parikh vector in this case is
(ii) Then the left case is that the maximal element of Parikh vector is 3. This case only happens for the word in G ′ n (t (k) ). For the word u = ασ k (c)β, we have
Morever, |ψ(u)| 3 = t. Clearly, t ranges from 1 to ⌊ r 2 ⌋. At the mean time, the position of 3 and 1 are both a consecutive block. In the same manner, we can obtain the number of Parikh vector in this case is
We know that the subcase (i) and subcase (ii) do not intersect, this implies the Lemma holds.
Proof of Theorem 1. It follows from Lemma 3 and Lemma 4 that Theorem 1 holds.
Richomme et al [11] obtain the sufficient and necessary condition for aperiodic sequence w ∈ Σ N 2 satisfying ρ ab n (w) = ρ n (t (2) ). It is a natural to ask the following question. 
Abelian complexities of a class of infinite sequences
Let w = {w n } n≥0 be an infinite sequence. Define the k-kernal of w to be the set of subsequence
Lemma 5. [2, Theorem 6.8.2] Given an finite alphabet A and a ≥ 0. Let {w n } n≥0 be a sequence taking values in A such that {w an+i } n≥0 is k-automatic for 0 ≤ i < a. Then {w n } n≥0 is itself k-automatic. Following from Lemma 6, we have the following corollary which will be useful.
Recall that u = π(w) for some k-automatic sequence w ∈ A 1 N with π : A 1 * → A 2 * satisfying that for every pair of letters a, b ∈ A 1 , π(a) ∼ ab π(b)
For every n ≥ k ≥ 2, set n = km + r for some m ≥ 1 and r = 0, · · · k − 1. Let
We shall give the following lemma without the proof, since the method is the same with Lemma 1 with t (k) replaced by w.
Lemma 7. For every n ≥ k ≥ 2, set n = km + r for some m ≥ 1 and
where a is an arbitrary letter in A 1 .
Proof of Theorem 2. By Lemma 5, it suffices to show that {w km+r } m≥0 is k-automatic for 0 ≤ r < k. If r ≤ 1, then it follow from Lemma 7 that for every n = km + r with k ≥ 1 and r = 0, 1, we have This implies that the abelian complexity of length km + r for u is uniquely dependent on the set ∂F m+1 (w). Following from Lemma 6, {ρ ab km+r (u)} m≥1 is k-automatic for r = 0, 1. When r ≥ 2, it follow from Lemma 7 that for every n = km + r with k ≥ 1 and r ∈ [2, k − 1), we have This implies that the abelian complexity of length km + r for u is uniquely dependent on the set ∂F m+1 (w) and ∂F m+2 (w). By Lemma 6 and Corollary 2, {ρ ab km+r (u)} m≥1 is k-automatic for r ≥ 2. This completes the proof since the leading k − 1 terms can not affect the k-automatic property.
Following from Lemma 2, ∂F n (t (k) ) is periodic, which is a special ℓ-automatic sequence for any ℓ ≥ 2, This implies that Corollary 1 holds by Theorem 2. We know that the key point for Theorem 2 is the boundary sequence ∂F n (w), it is significant to consider the infinite sequence w whose boundary sequence is k-automatic for some k. We give some simple k-automatic sequences, since it has been checked for some k-automatic sequences such as the above t (k) , the Cantor sequence c which is the fixed point of the morphism 0 → 000, 1 → 101. Conjecture 1. For every k-automatic sequence w = {w n } n≥0 ∈ A N , {∂F n (w)} n≥2 ∈ (2 A×A ) N is also k-automatic.
